We consider the dynamics of a spatially flat universe dominated by a self-interacting nonminimally coupled scalar field. The structure of the phase space and complete phase portraits for the conformal coupling case are given. It is shown that the nonminimal coupling modifies drastically the dynamics of the universe. New cosmological behaviors are identified, including superinflation (Ḣ > 0), avoidance of big bang singularities through classical birth of the universe from empty Minkowski space, and spontaneous entry into and exit from inflation. The relevance of this model to the description of quintessence is discussed.
INTRODUCTION
The description of the matter content of the cosmos with a single scalar field is appropriate during important epochs of the history of the universe (Kolb and Turner, 1994) . In this article, a dynamical system approach to a self-consistent nonsingular cosmological history is presented in the framework of the classical Einstein equations with a nonminimally coupled scalar field. The complete structure of the phase portrait and of the dynamical behavior is presented for the case of a scalar field conformally coupled to the space-time curvature and with a quartic self-interaction potential. This exhaustive analysis is made possible because of the reduction of the dynamics to a two-dimensional manifold embedded in the original three-dimensional phase space, a general property shown earlier by some of the authors (Gunzig et al., 2000a-c) for a classical scalar field in a spatially flat universe with arbitrary self-interaction potentials and arbitrary coupling to the curvature. Solutions with special dynamical interest are identified, namely heteroclinic and homoclinic solutions in the reduced two-dimensional phase space, and their relevance to a possible classical birth of the universe from empty space is discussed. We recall that heteroclinic trajectories in a phase space correspond to bounded solutions connecting two different fixed points. Typically, they play the role of separatrices, determining regions of the phase space with qualitative distinct dynamical behaviors. Homoclinic trajectories, on the other hand, correspond to solutions starting and ending at the same fixed point. Their relevance to chaotic motions has been intensively discussed in the literature (Ozorio de Almeida, 1994) . Despite the fact that the model presented here has no chaotic behavior, its homoclinic solutions will probably mark candidate regions of the phase space for chaotic motions if a small perturbation to the equations is introduced.
Our model consists of a universe filled with a self-interacting nonminimally coupled scalar field. A crucial ingredient of the physics of scalar fields in curved spaces is their nonminimal coupling to the scalar curvature R of space-time, which is required by first loop corrections (Birrell and Davies, 1980; Ford and Toms, 1982; Nelson and Panangaden, 1982; Parker and Toms, 1985) , by specific particle theories (Faraoni, 2000) , and by scale-invariance arguments at the classical level (Callan et al., 1970) . It is well known that nonminimal coupling dictates the success or failure of inflationary models (Abbott, 1981; Futamase and Maeda, 1989) ; more generally, it turns out to strongly affect the cosmic dynamics, which is qualitatively richer than in the minimally coupled case. We show, indeed, that nonminimal coupling leads to new dynamical behaviors, such as a regime that we propose to call superinflation (Ḣ > 0), which cannot be achieved with minimal coupling (Liddle et al., 1994) , and spontaneous entry into and exit from inflation, with or without a cosmological constant. Spontaneous superinflation provides a classical alternative to semiclassical birth of the universe from empty Minkowski space (Gunzig et al., 2000a-c; Gunzig and Nardone, 1987) , which is impossible with minimal coupling.
In the next section, we review our model, recently proposed in Gunzig et al. (in press) , and give some definitions. The aspect of the phase portraits are presented in Section 3. Section 4 is devoted to the asymptotic analyses of some special solutions. The last section contains the concluding remarks.
THE MODEL
We consider the nonminimally coupled theory described by the action
